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Abstract. We show that there exists an entire function which has neither fixed 
points nor invariant Baker domains. The question whether such a function exists 
was raised by Buff. 



1. Introduction and result 



Let / be a meromorphic function and denote by f n the n-th iterate of /. An 
invariant component U of the Fatou set of / such that f n \u — > oo as n — > oo is 
called an invariant Baker domain; cf. [3j §4.7] or It was suggested by Douady 
that invariant Baker domains of the Newton function f(z) = z — g(z)/g'(z) of an 
entire function g are related to paths where g tends to the asymptotic value 0. 
In response to Douady's question it was shown in [8] that under mild additional 
hypotheses the existence of an invariant Baker domain does indeed imply that is 
an asymptotic value of g. However, this is not always the case [5]. 

If g has no zeros at all, then the Newton function / has no fixed points. Moreover, 
is an asymptotic value of g by Iversen's theorem [TUl p. 289]. This led Buff to 
ask whether there exists an entire function having no fixed points and no invariant 
Baker domains. We show that such a function exists. 

Theorem. There exists an entire function with no fixed points and no invariant 
Baker domains. 

A meromorphic function with this property was constructed in [3]. The present 
construction is based on similar ideas. As in [I], a function / satisfying the con- 
clusion of the theorem can be given explicitly. 

Let (r fc ) be a sequence of real numbers tending to oo and let (n k ) be a sequence 
of positive integers satisfying n k > k for all fceN. Then 



defines an entire function h. Indeed, if \z\ < R and k is so large that > 2/2, then 
\z/rk\ Uk < 2~ k , implying that the infinite product converges locally uniformly. 
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2. Preliminaries 

2.1. The hyberbolic metric. We need some standard results about the hyper- 
bolic metric which can be found in, e.g., [HI Section 1.4]. 

We denote the open disk of radius r around a point c G C by D(c,r) and put 
D = D(0, 1). The density of the hyperbolic metric in a hyperbolic domain U is 



denoted by Xu, normalized such that Xo(z) = 2/(1 
is denoted by pu- For a,b G U we thus have 



). The hyperbolic metric 



pu(a,b) 



inf 

7 



A{j(2;)|dz| 



where the infimum is taken over all curves 7 that connect a and b. Then jSJ p. 11] 

1 + 1*1 



(2.1) 



p D (0,z) = log- 



for z G 



It follows from Schwarz's lemma and the Koebe one quarter theorem that if U is 
simply connected, then 0, Theorem 1.4.3] 



(2.2) 



2dist(z,dU) 



< Xu{z) < 



dist(z,dU) 



for all z G U. Here dist(z, dU) = iai^gu |C — A- 

The following lemma is a simple consequence of (12.21) . 

Lemma 1. Let U be a simply connected hyperbolic domain, a,b G U and c G C\U. 
Then 



MM) > 2 



log 



b-c 



Proof. Without loss of generality we may assume that c = 0. Let 7 be a curve from 
a to b and let L be a branch of the logarithm defined in [/. Then (12.21) yields 



Xu(z)\dz\ > 



\dz\ 



> 



dist(z,dU) ~ 2 



\dz\ 



> 



dz 

z 



2 

^|L(6)-L(a)|>^|He(L(6)-L(a))| = i 



log 



□ 



from which the conclusion follows. 

The next lemma follows easily from (12. ip and the triangle inequality. 
Lemma 2. If a,b G D(c,r/2), then p^ Ci ^(a,b) < 21og3. 

Finally we have the following form of Schwarz's lemma [HI Theorem 1.4.3]. 

Lemma 3. Let U, V be hyperbolic domains, f-.U—tV holomorphic and a,b G U . 
Then p v (f(a),f(b)) < pu(a,b). 

Applying this lemma to f(z) = z yields 

(2.3) p v (a,b) < Pu (a,b) if U c V. 
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2.2. Some growth estimates. We have to estimate the growth of h on certain 
circles from above and below. For k > 2 and \z\ = r k we have 

io g |M,)i<x:iog(i + (^) nj )+iog2+ f; iog(i + (^) nj ) 

3=1 ^ \ i / / j=k+l ^ \ 3 / / 

fe— 1 / 1 \ 00 / \ n J 

<^log l + -r^ +log2+ £ 



2 7 ^ Vr, 

3=1 x 7 j=fc+l v J 

fe— 1 oo 

< ^ log (tV* ) + log 2 + ^ 2~ n ' < m fc log r fc + 2 log 2. 

3=1 i=fc+i 

Hence 

(2.4) <4r£* iox\z\=r k 

and k >2. 

We put 5^ = (1 + l/n k )r k . For t e [0, 27r] and z = s k e lt we have 

fe— 1 / \ rij fe— 1 / \ rij 



as — > oo. Putting 



fe— 1 / \ n, 
Sk 



(2.5) r , = n ( £ 

3=1 



we thus have 

(2.6) M^e 4 *) ~ T k e imkt (l + e • e mfct ) 

as — > oo. 

It is not difficult to see that for each f e R there exists 9 = 6 {(f) G [0, 1] such 
that e 27Tiv (l + e • e 2nie ) is positive. For v <E {0, 1, . . . , n k - 1} we put 

0„ = %m fc /n fc ) and Pl/ = e 2 ™ fc/nfe (l + e ■ e 2m6v ) . 

Then pj, is positive and thus p v = \p v \ > e — 1. Since m k /n k — > by (II. ip . we 
deduce from (12. 6p that 

h{s k e 2Ti{u+9 » )/nk ) ~ T k e 2ni{u+e » )mk/nk (l + e • e 2 ^^-)) = p v T k e 27vi9 " mk/nk ~ p u T k 

Thus 



(2.7) Re/i(s fc e 27ri(iH ^ )/nfc ) > T, 



k 



for large k and all f G {0, 1, . . . , n k — 1}. 
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3. Proof of the theorem 

Let / be as defined in the introduction and suppose that / has an invariant 
Baker domain U. By a result of Baker [1], U is simply connected. Take z G U, 
connect z and f(z Q ) by a curve 7 in U and put 7 = \^}^L P ('Jo) ■ Then 7 is a 
curve in U connecting z to 00. As 70 is compact, there exists K > such that 
p(f(z), z) < K for all z G 7o- Since every z G 7 has the form z = / J (C) f° r some 
C G 70 and some j > 0, Lemma [3] yields 

(3.1) p(f(z),z)<K for 2 G 7. 

For large k the curve 7 intersects the circle {z: \z\ = r k }. Let z k be a point of 
intersection. 

We shall show first that if k is large enough, then the disk D(z k , 20r k /n k ) is not 
contained in U; that is, 

(3.2) D{z k ,20r k /n k )ndU^$. 

In order to do so we assume that D(z k , 20r k /n k ) C U. We write z k = r k e 2mtk with 
t k G [0,1) and put v = [n k t k ], where [x] denotes the largest integer not greater 
than x. Thus n k t k = v + 5 where v G {0, 1, . . . , n k — 1} and 5 G [0, 1). Let 

a k = rfce (2H-iW»* an d = Sfe e 2 ™ (!/+e " )/nfc . 

Then 

\l-25\7ir k 



p. | e (2^+l)7ri/™fc- 27r **fc _ ]_! — Tk | e (l-2<5)7ri/"fc _ ]| 



and 

\h-z k \<\b k - r k e 27Ti ( u+e » )/nk \ + | rjfee 2^("+^)/n* _ Zk \ 

= Sk -r k+rk \ e 2ni{u+e„)/n k -2nit k _ ^ 
= !± +rfc | e 2^-<5)/n fc _ 1 | 

(l+27r|0„-<$|)r fc 

which implies that 

a fc G £>(2: fc , 10r k /n k ) and 6 fe G Z?(zjfc, 10r k /n k ) 
for large fc. Lemma [2] and (12. 3p now yield 

(3.3) Pu{ak,h) < PD(z k ,20r k /n k ){ak,h) < 2 log 3. 

Since h(a k ) = by the definition of h and Re h(b k ) > T k > s k /r\ by (12.51) and (12.71) . 
we have 

(3.4) |/(o fc )| = |o* + l|<r* + l and \f(b k )\ > e Sk/ri - s k > s\ > r\ 
for large k. Fix a point c G dU. Lemma [1] and (13.41) imply that 



(3.5) Pu {f{a k )J{b k ))> Uog 



1 r 



2 r fe + 1 + c 



/K) - c 

for large /c. Now a contradiction is obtained from Lemma [31 (13. 3p and ()3.5j) . pro- 
vided is sufficiently large. This contradiction shows that (13. 2p holds for large k. 
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Thus, for large k, there exists Ck G D(zk,20rk/rik) fl dU . Lemma [T] now yields 



Pu(f(zk),z k ) > - log 



f{z k ) - c k 



Since 



D h(z k ) 



Zk - C k 



Zk — Ck 

h(z k )\ 



log 



M z k) 



z k — c k 



+ 1 



> 



\Zk - Cfc 



> 



rtk exp (— 4r 
20n 



k , 



for k > 2 by ffTTTD and ([23]), we obtain 



Pu(f(zk), z k ) > - hg(r k - 1) 



for large k, contradicting (13. ip . 



□ 



Remark 1. Buff and Riickert [5] considered virtual immediate basins instead of 
invariant Baker domains. However, for functions for which all Baker domains are 
simply connected the two concepts coincide; cf. the discussion in [U p. 431] or 0, 
p. 4]. By the result of Baker [1] already quoted, this holds in particular for entire 
functions. By a recent result of Barahski, Fagella, Jarque and Karpihska [2], it also 
holds for Newton maps of entire functions. 

Remark 2. The function / constructed in the proof is the Newton function for 



g{z) = exp 



- h ®dt 



Since g has no zeros, g has a direct singularity over 0; see [10, p. 289] for this 
result, as well as [HI [12] for the terminology used here and below. As / has no 
invariant Baker domains, g has no logarithmic singularity over by one of the 
results obtained by Buff and Riickert in the paper already mentioned in the intro- 
duction [S], Theorem 4.1]. Thus g has a direct non-logarithmic singularity over 0. 
This implies [7J Theorem 5] that g has uncountably many direct non-logarithmic 
singularities over 0. As g has no critical points, a result of Sixsmith [T2(, Theo- 
rem 1.2] yields that every neighborhood of any of these singularities contains a 
neighborhood of an indirect or logarithmic singularity of g whose projection is dif- 
ferent from 0. Overall we see that the set of singularities of the inverse of g has a 
quite complicated structure. 
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